Records of relative paleointensity are subject to several sources of error. Temporal averaging due to gradual acquisition of magnetization removes highfrequency fluctuations, whereas random errors introduce fluctuations at high frequency. Both sources of error limit our ability to construct stochastic models from paleomagnetic observations. We partially circumvent these difficulties by recognizing that the largest affects occur at high frequency. To illustrate we construct a stochastic model from two recent inversions of paleomagnetic observations for the axial dipole moment. An estimate of the noise term in the stochastic model is recovered from a high-resolution inversion (CALS10k.2), while the drift term is estimated from the low-frequency part of the power spectrum for a long, but lower-resolution inversion (PADM2M).
Introduction 1
The spectrum of fluctuations in the geomagnetic dipole offers insights 2 into the origin of the magnetic field and the dynamics of Earth's core (Con- 
10
One important source of information comes from measurements of rela-11 tive paleointensity in marine sediments (Valet, 2003) . Records are stacked 12 and calibrated using independent estimates of absolute paleointensity to pro-13 duce models for the virtual axial dipole moment (VADM) over the past two 
19
Higher resolution records have been obtained for the past 10 kyr using 20 a combination of archeomagnetic and lake sediment data. These data have improved spatial resolution, so the geomagnetic field can be expanded in low- 
35
Synthetic studies using geodynamo simulations are an ideal test of the 36 general approach because the simulations have relatively low numerical error 37 and we can control the temporal resolution of the output. None of these ad-
38
vantages apply when we use paleomagnetic observations to construct stochas-39 tic models. Significant errors are present in the estimates of the dipole field, 40 which affect the construction of the stochastic model. We also need to deal 41 with temporal averaging because it limits our ability to sample the stochas-42 tic process. The goal of this study is to address the practical limitations of 43 dealing with paleomagnetic observations and to devise a strategy for con-44 structing models that can explain both paleomagnetic and historical records. 45 We focus primarily on the power spectrum of dipole fluctuations, although 46 we find that the resulting stochastic models can also account for the observed 47 reversal rate and the duration of polarity transitions.
48

Stochastic Description of Dipole Fluctuations
49
Stochastic models were introduced by Langevin (1908) to describe Brow-50 nian motion. A small particle in water was assumed to move under the 51 combined influence of viscous resistance and a random force due to collision 52 with (unseen) water molecules. The viscous force was treated as a slowly 53 varying deterministic quantity, whereas the force due to collisions with water 54 molecules was treated as a rapidly fluctuating random process.
55
Brownian motion serves as a loose analogy for the evolution of the geo- can be attributed to (unseen) turbulent flow, which we treat as a random 60 process. We denote the axial dipole moment by x(t) and describe its time 61 evolution using a stochastic differential equation (Van Kampen, 1992) 
where the drift term, v(x), describes the deterministic part of the evolution 63 and the noise term, D(x), defines the amplitude of the random part. The 64 time dependence of the random process, Γ(t), is assumed to be Gaussian 65 with a vanishing time average
We also assume that the correlation time of the noise source is short compared reported for the SINT-2000 model of Valet et al. (2005) and the PADM2M 
89
Simple representations for the drift and noise terms permit closed-form 90 solutions for the power spectrum of fluctuations about the time average (e.g.
91
(t) = x(t)− < x >). Defining the Fourier transform of (t) by
the power spectrum becomes (Buffett and Matsui, 2015)
where the power spectrum for a white noise source (with a variance of 2) is
The theoretical spectrum in (8) agrees well with a direct calculation of 95 the power spectrum from a geodynamo model (see Fig. 1 random error and the other is due to temporal averaging of the fluctuations.
110
We explore both of these complications before proposing a possible solution. 
Influence of Random Error
112
Random error alters the estimates of the dipole moment, so the drift and 113 noise terms are computed from
which includes a time-dependent error η(t). The drift term becomes
on substituting for y(t) from (10). 
which can be rearranged into the form
on introducing ∆x = x(t + ∆t) − x(t) and ∆η = η(t + ∆t) − η(t). Even when 121 ∆x and ∆η are uncorrelated, and η(t) represents the effects of white noise,
122
we are left with (Hoze and Holeman, 2015) 123 Leonard, 1974) .
155
We define the measured signal,x(t), as
where the filter function, g(t), smooths the true signal, x(t), over some pre-
157
scribed averaging time (denoted by T ). Two popular filter functions are the 158 box-car and gaussian filters (see Fig. 3 ). The true signal is convolved with a 159 suitable filter function to produce the measured record.
160
The paleomagnetic record,x(t), still obeys a stochastic differential equa- 
where we have adopted a constant noise term and a linear drift term. The 164 only difference in (17) is that the random process is driven byΓ(t) rather 165 than Γ(t). A power spectrum for¯ =x− < x > is defined by taking the
166
Fourier transform of (17). Solving for¯ (f ) gives
and the power spectrum becomes (Rice, 1954) 168
where
and g(f ) is the Fourier transform of the filter function. Equation (20) 
corresponds to multiplication in the frequency domain
Power spectra for x(t) andx(t) are the same at low frequencies because Fig 3) .
175
We illustrate the consequences of time averaging using the stochastic spectrum of the filter (say g(f ) > 0.9) is that ∆t should be roughly twice T .
196
Sampling the process at ∆t = 6 kyr gives an estimate for D eq that is nearly ∆t > 2T , although this constant can be significantly less than the true value.
205
On the other hand, random noise causes the recovered estimate of D eq to ex- though it is most evident at high frequency. Consequently, the low-frequency 211 part of the spectrum is relatively unaffected by both sources of error. We 212 exploit this result to construct a broadband paleomagnetic power spectrum. shows the power spectrum for each model, calculated using a multi-taper 220 method (function pmtm in Matlab). We also show two theoretical spectra.
221
One spectrum is predicted using the parameters of a simple stochastic model 
gives D eq (∞) = 0. This choice ensures that the noise source, Γ(t), can be approximated as un- 
The 
where the expected symmetry is obtained by taking v(−x) = −v(x). The Kramers' formula in our notation gives
Substituting for
from (27) and using the definition of the variance from (25) gives
Remarkably, the rate of reversal depends on the time average, < x >, the 
415
The difference between the recovery and decline times can be attributed versely, the dipole must work against the drift term during the decline phase.
420
The approximation in (31) lies roughly midway between the estimates from 421 PADM2M, which suggests that the drift lengthens and shortens the adjust-422 ment by comparable amounts, relative to a purely diffusive process with no 423 drift term.
424
It is reasonable to question whether the PADM2M model can adequately 
Conclusions
460
Stochastic models have been successfully tested using geodynamo simulti- about 24% or less.
527
The time-averaged process with random error looks qualitatively different 528 than the estimates recovered from CALS10k.2 (see Fig. 7 ). In particular, the Characterize the influence of random error and temporal averaging in paleomagnetic observations
Construct stochastic model using two compilations of paleomagnetic observations Predict a composite, broadband power spectrum for dipole fluctuations
Stochastic model provides a quantitative estimate for reversal rate
